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During the past few years, hydraulic fracturing and horizontal drilling have 
facilitated the production of gas from shale reserves that were uneconomic to 
produce in the past. Each shale formation has a specific nature, therefore every basin 
or well may need to be treated differently. Additionally, shales have characteristics 
such as extremely low permeability, sensitivity to contacting fluids, and existing 
micro fractures which cause complications while evaluating them. There is also an 
absence of a clear explanation for the application of 2D models and the effect of 
various parameters on the fracture in shale formations. Therefore, the objective of 
this study is to analyze different 2D hydraulic fracture geometry models while 
examining these models for their application in shale gas formations and to identify a 
2D model that is most suitable to be used in the hydraulic fracture treatment design 
of shale gas reservoirs. It is also intended to investigate the effect of fracture height, 
fluid loss and rock stiffness on the fracture geometry and the well.  
In this study the two most commonly used hydraulic fracture geometry models in the 
oil and gas industry, PKN and KGD, have been discussed and based on these models 
two mathematical computer codes  were developed in order to calculate various 
parameters such as fracture length, average fracture width, wellbore net pressure, 
pumping time, and maximum fracture width at wellbore. The PKN-C model is 
identified as the most suitable 2D model to be used in shale gas reservoirs due to its 
more acceptable vertical plane strain assumption. Low permeability formations such 
as shale reservoirs require narrower and longer fractures for a higher productivity. 
Thus, using a model that would predict longer and narrower fractures, such as the 
PKN-C model, would be more suitable. The KGD-C model predicts a higher 
dimensionless fracture conductivity compared to the PKN-C model. However, the 
fracture geometry predicted by the PKN-C model results in higher post-fracture 
productivity. Additionally, it was observed that longer and narrower fractures are 
produced in rocks with a high Young’s modulus (such as shale). Additionally, 
increasing the leak off coefficient when fluid loss is small will result in slightly 
shorter fracture lengths, while increasing the leak off coefficients when fluid loss is 
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Unconventional Shale formations are fine-grained, organic-rich, sedimentary rocks. 
Shales can contain valuable sources of oil and/or gas. However, these fine grained 
sedimentary rocks have some specific characteristics that cause complications while 
evaluating them. Some of these important characteristics are the extremely low 
permeability of shales, sensitivity to contacting fluids, and existing micro fractures. 
Thus, due to shales extremely low pore sizes and low permeability, the formation is 
resistant to hydrocarbon flow unless natural or artificial fractures occur. 
Therefore, According to Gomaa et. al. (2014), the most important factor in 
developing unconventional formations is increasing the contact of fracture surface 
area and formation with horizontal drilling and fracturing practices. In other words, 
the aim is to increase the fracture surface area to obtain best results.  Hence, 
maximizing the fracture complexity is one of the major goals in designing the shale 
fracture treatment. 
Hydraulic fracturing is one of the major techniques that has made the economic 
production of natural gas from shale reservoirs possible. Hydraulic fracturing can be 
defined as the procedure of injecting a fluid at a pressure and flow rate that the fluid 
is unable to escape into the formation. This will eventually cause the wellbore to split 
along its axis. (Valko and Economides, 1995).  
During the past few years, hydraulic fracturing and horizontal drilling have 
facilitated the production of  oil and gas from shale reserves that were uneconomic to 
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produce in the past (Gomaa et. al. 2014). According to the American Petroleum 
Institute (2013), hydraulic fracturing will make up for almost 75% of natural gas 
development in the years to come, and in its absence, USA’s domestic natural gas 
and oil production would be reduced by 45%  and 17% respectively within five 
years.  
 
Figure 1.1 Hydraulic fracturing. Adapted from Hydraulic Fracturing and Shale Gas 
Production (p. 2), by C. Clark et al., 2013, Argonne National Laboratory. 
 
 
As in many cases the successful production of a well depends on a successful 
hydraulic fracture treatment. Therefore, it is vital to be able to predict the fracture 
geometry growth and drainage volumes according to treatment parameters. 
Previously, several 2D and 3D models have been developed to determine the fracture 
geometry.  Among these models, two of them have been mostly used in the 
petroleum industry and are commonly known as KGD and PKN. 
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Economides and Nolte (1989) expressed four main reasons for developing and using 
hydraulic fracturing models:  
 
• perform economic optimization (determine what size treatment provides the 
highest rate of Return on investment) • design a pump schedule • simulate the 
fracture geometry and proppant placement Achieved by a specified pump 
schedule • evaluate a treatment. 
 
1.2 Problem Statement 
Each shale formation has a specific nature, therefore every basin or well may 
need to be treated differently. Additionally shales have characteristics such as 
extremely low permeability, sensitivity to contacting fluids, and existing micro 
fractures, which cause complications while evaluating them. There is also an 
absence of a clear explanation for the application of 2D models and their 
affecting parameters on the fracture in shale formations. 
 
1.3 Objectives 
The objectives of this study are: 
 To study and analyze different hydraulic fracture geometry models while 
examining these models for their application in unconventional formations.  
 To identify a two-dimensional hydraulic fracture geometry model which is 
most suitable to use in the hydraulic fracture treatment design for shale gas 
reservoirs 
 To perform sensitivity analysis and investigate the effect of various 
parameters such as fluid leak off, fracture height, and rock stiffness on the 
fracture geometry and the well. 
 
1.4 Scope of Study 
In this study various two-dimensional hydraulic fracture geometry models, such as 
the PKN and KGD models are studied. Due to time constraints and for simplicity, 
only the two-dimensional models are studied and used in this research. Furthermore, 
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a mathematical computer code, based on the most appropriate 2D model in shale gas 
reservoirs, is developed and the effecting parameters of the model are investigated 
and analyzed. Moreover, another mathematical computer code is developed based on 























2.1   Hydraulic Fracturing Treatment 
Hydraulic fracturing is a stimulation technique that is used to increase productivity of 
wells by extending a conductive path into the reservoir (Economides, et al., 1989). 
The fracturing treatment is done in two stages. Initially, fracturing fluids are pumped 
into the formation at flow rates higher than the fluid is able to leak off into the 
formation. At this point the fluid pressure builds up and will overcome the rock’s 
compressive stress or breakdown pressure, causing a fracture in the formation (Guo, 
Lyons, & Ghalambor, 2007). This stage in known as the pad stage. As long as the 
fluid is being injected at a rate higher than the fluid can leak off, the fracture 
propagates further into the formation and grows in length and width. The second 
stage, commonly known as the slurry stage, is carried out by adding sand or proppant 
to the injection fluid. The proppant with a high compressive strength is added to the 
injection fluid to withstand the formation stress and hold the fracture open after 
pumping is stopped in order to retain a conductive flow channel (Guo et al., 2007). 
 
2.2   Hydraulic Fracturing Mechanics 
According to Nolen-Hoeksema (2013), the required pressure to create a fracture, the 
fracture’s size, and its orientation depend on three principal compressive stresses; the 
vertical stress or the overburden stress, and the maximum and minimum horizontal 
stresses (figure 2.1). Nolen-Hoeksema continues by explaining that hydraulic 
fractures are tensile fractures, and propagate perpendicular to the minimum 
compressive stress. Thus, if the smallest compressive stress is the minimum 
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horizontal stress, a vertical fracture is initiated and propagates parallel to maximum 
horizontal stress. 
Usually in relaxed geological formations, the smallest stress is horizontal, thus 
vertical fractures are produced, and in environments with active tectonic 
compression, the smallest stress is vertical, thus horizontal fractures are produced. 
 
 
Figure 2.1 Hydraulic fracturing mechanics. Adapted from Elements Of Hydraulic 
Fracturing by R. Nolen-Heoksema (2013). 
 
2.3   Two Dimensional Hydraulic Fracturing Models 
Khristianovitch and Zheltov’s (1959) summarized the early efforts on hydraulic 
fracturing modeling that was carried out by a number of researchers. Another key 
effort was the work performed by Perkins and Kern (1961).  
The models designed by these researchers were developed in order to determine the 
width of the fracture for a given length and flow rate. However these models would 
not satisfy the volume balance (Valko et al., 1995).  
 Moreover, Carter (1957) presented a model which would satisfy the volume balance. 
In this model a constant uniform fracture width was assumed. To make sure that the 
width of the fracture was adequate for the proppant to enter the fracture, the model 
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provided more accurate width profiles compared to the previous versions and it was 
widely used to calculate volume balance.  However with the further development of 
the Khristianovitch and Zheltov Model by Geertsma (1969) and Perkins & Kern 
model by Nordgren (1972) this method became obsolete. The two modified models, 
commonly known as PKN and KGD, are the first models that take account of both 
volume balance and solid mechanics.  
2.3.1 PKN Model: 
Perkin and Kern (1961) established a model to determine fracture length and width 
while assuming a fixed height. This model was further improved by Nordgren (1972) 
by considering fluid-loss in to the formation. The improved model is known as PKN. 
In the PKN model fracture toughness is neglected. This is because of the energy that 
is required for fracture propagation is considerably less compared to the energy 
required for the fluid to flow across the fracture’s length.  Additionally fracture 
height is fixed and propagates along the horizontal direction (figure 2.2).   
 
Figure 2.2 PKN fracture geometry. Adapted from Reservoir Stimulation (p. 6-4), by M. 
J. Economides and K. G. Nolte, 1989, Houston, TX: Schlumberger Educational 
Services. 
The PKN model is based on the plane strain assumption and by assuming a fixed 
fracture height and smaller than the fracture length the problem is reduced to two 
dimensions. This model assumes the plane strain in the vertical direction and each 
vertical cross section deforms individually and is not hindered by neighboring 
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vertical planes. Moreover, in the PKN Model, the strains for opening or shearing the 
fracture are completely concentrated in vertical cross-sections and normal to the 
fracture’s propagation direction. This can be assumed if the fracture’s length is 
significantly greater than its height. Additionally, in this model, a constant pressure 
for the fracturing fluid is assumed in the vertical cross sections and normal to the 
direction of the fracture propagation (Gidley et al., 1989). 
 
2.3.2 KGD Model 
The KGD was initially developed by Khristianovitch and Zheltov (1955) and 
improved by Geertsma and de Klerk (1969). This model, again, assumes a fixed 
fracture height. Moreover, KGD considers the rock stiffness in the horizontal plane. 
Consequently, the width of the fracture will only depend on the fracture height 
through the boundary condition at the wellbore while assuming a constant flow rate 
in the fracture. In the KGD model the flow rate per unit fracture height does 
influence fracture width, however width is constant in the vertical direction as the 
plane strain is assumed to be in the horizontal direction (figure 2.3). As a result, 
horizontal cross sections deform individually. This can be assumed if the fracture’s 
length is significantly shorter than its height. 
 
 
Figure 2.3 KGD Fracture Geometry. Adapted from Reservoir Stimulation (p. 6-4), by 




Below are the six assumptions of the KGD model summarized by J. Xiang (2011):  
 
“1-The fracture has an elliptical cross section in the horizontal plane -2- 
each horizontal plane deforms independently -3- fracture height, hf , is 
constant -4-fluid pressure in the propagation direction is determined by flow 
resistance in a narrow rectangular, vertical slit of variable width -5- fluid 
does not flow through the entire fracture length -6- cross sections in the 
vertical  plane are rectangular (fracture width is constant along its height) 
(Geertsma and Klerk 1969).” 
 
2.3.3 PKN-C Model 
Valko et al. (1995) claimed that a significant portion of the oil & gas engineering 
work have concluded that Perkins-Kern’s width equation is inaccurate to some 
degree and an improved constant is employed instead:   
 


















       
 (2.1) 
                                              
Where 0,ww  is the Maximum width, µ is fluid viscosity, i  is the injection rate, fx  is 
the fracture length, and E ’ is the plane strain modulus 
 
In the equation above the constant 3.27 is derived from a limiting result of Nordgren. 




















       
 (2.2) 
 
Where w is the average fracture width. 
 




Carter claimed that the sum of fluid leak-off rates and rate of volume growth in the 
produced fractures is equivalent to the injection rate entering one wing of the 
fracture. 
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          (2.5) 
 
Where LC  is the leak off coefficient, pS  is the Spurt Loss, and fh  is the Fracture 
Height. 










p           (2.6)
 
 
2.4  The Effect of Parameters on Fracture Geometry 
Gomaa et. al. (2014) conducted an experimental research in order to determine the 
hydraulic breakdown pressure of fractures in shales. In this research various 
parameters such as, injection rate, acid injection, fluid types and several additives 
were studied and their effect on the breakdown pressure was investigated. 
Furthermore the effect of parameters on fracture shape and direction were studied. 
It was found that there is a strong relationship between the breakdown pressure and 
fracture fluid viscosity in shale formations. Gomaa concluded that a higher viscosity 
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results in an increase in the breakdown pressure of shale. It was further concluded 
that the breakdown pressure will be reduced by increasing the rate of injection and 
also by injecting HCL.  Moreover, the results of the study indicated that a reduced 
fluid viscosity will result in growth of the fracture complexity. 
In another research, Xiang (2011) has investigated the effect of various parameters 
such as shale properties, fracturing fluids and leak off rates on the geometry of the 
fracture. Additionally the effect of parameters on the fracture pressure has been 
examined. 
Xiang (2011) concluded in his research that using high fluid viscosities will result in 
shorter and wider fractures while employing fluids with lower viscosities will result 
in narrower and longer fractures. The research also argues that in soft formations 
with a small shear modulus, shorter and wider fractures are produced while in a hard 
formation with a greater shear modulus, longer and narrower fractures are generated. 
Additionally it was found that reducing the leak off coefficient will result in the 















CHAPTER 3  
METHODOLOGY 
 
In order to achieve the objectives of this research it is essential to have a good 
understanding of several topics such as hydraulic fracturing, fracture geometry 
models and shale gas characteristics. This has been accomplished by research and 
study of several credible sources of the related topics that can be found in the 
references. 
Based on the results of the research, a two-dimensional hydraulic fracture geometry 
model has been selected that is most suitable in the design of a hydraulic fracture 
treatment for shale gas reservoirs. It must be noted that due to time constraints and 
also for simplicity, only the two-dimensional models are studied and used in this 
research. The selected 2D model and the selection’s reasoning are fully explained in 
the results and discussion section (chapter 4).  Additionally, two mathematical 
computer codes were developed by using Matlab. The first code was developed 
based on the PKN-C model in order to investigate the effect of several parameters 
used in the model. And the second mathematical code was developed based on the 
KGD-C model as a means of parameter sensitivity comparison between the two 
models. The mathematical computer codes are discussed in more detail in section 
3.2.  At the final stage of this study, the effect of various parameters, such as fluid 
loss, rock stiffness and fracture height on the fracture geometry is analyzed.   
 
3.1   Gantt Chart 




3.2   Methodology Flow Chart 
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3.3 Mathematical Computer Code of PKN-C Model  
In order to produce results based on the PKN-C model, a mathematical computer 
code is developed by using Matlab. This mathematical code will include two 
different modes known as the Design mode and the Simulation mode. 
 
3.3.1 Design Mode 
In the Design mode several parameters are given to the program to generate the 
Maximum fracture width at wellbore, average fracture width, wellbore net pressure 
and the pumping time. Table 1 shows the input and output parameters of the design 
mode: 
Table 1. Input and output parameters in the PKN-C design mode. 
Input Parameters Output Parameters 
  fh  Fracture Height 0,ww  Maximum Fracture Width at Wellbore 
  LC  Leak Off Coefficient w  Average Fracture Width 
  pS  Spurt Loss t  Pumping Time 
'E  Plane Strain Modulus 
wnp ,  Wellbore Net Pressure 
  Fluid Viscosity   
i  Injection Rate   
fx  Fracture Length   
 
The code calculates the Wellbore width and fracture width based on the input 
parameters and by using the following two equation: 



















   (2.1) 
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Moreover the pumping time is calculated for a given fracture length using the PKN 
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p           (2.6)
 
 
In this mode multiple values of each parameter from an excel spreadsheet are given 
into the program as input while multiple results are generated and stored in a table 
format for further analysis. Additionally, the code produces several curves by 
plotting various input and output parameters (Figure 3.2).  
 
Figure 3.2 Graphs generated by Matlab code 
 
3.3.2 Simulation Mode 
The Simulation mode is similar to the design mode while the difference is in the 
desired output. In the simulation mode the fracture length, maximum wellbore width, 
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average fracture width, and the net wellbore pressure is calculated based on a given 
pumping time (Table 2). 
Table 2. Input and output parameters in PKN-C simulatione mode. 
Input Parameters Output Parameters 
  fh  Fracture Height 0,ww  Maximum Fracture Width at Wellbore 
  
LC  Leak Off Coefficient w  Average Fracture Width 
  pS  Spurt Loss fx  Fracture Length 
E  Plane Strain Modulus 
wnp ,  Wellbore Net Pressure 
  Fluid Viscosity   
i  Injection Rate   
t  Pumping Time   
 
3.4   Mathematical Computer Code for KGD-C Model 
In addition to the PKN-C model, a mathematical computer code of the KGD-C 
model is also developed in two modes (Design and Simulation) to enable comparison 
of the predicted values in each model while analyzing the effect of different 
parameters in this project. Additionally, the KGD-C code is used as an aid to justify 
the selection of the PKN-C model. 
The mathematical code of the KGD-C model has the same input and out parameters 
as the PKN-C model. However, the code uses the following two equations to 
calculate the fracture width at the well bore and the average fracture width: 
Fracture Width at Wellbore:   
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RESULTS AND DISCUSSION 
 
4.1 Selecting The 2D Model 
The two most commonly used hydraulic fracture geometry models in the oil and gas 
industry are the PKN and KGD model. However, according to Rahman et al. (2010), 
the PKN-C model is most favored in the Petroleum industry. This model uses the 
Carter II solution of material balance with a constant injection rate and considers the 
fluid leak-off. The PKN-C model is favored mostly due to assuming a vertical plane 
strain in this model, which is more suitable for a fracture with a fixed height, where 
the fracture’s length is significantly larger than its height (Valko et al., 1995). 
Moreover, other researchers such as Holditch et al. (1995) argue that fracture lengths 
predicted by the PKN-C model are nearer to the values estimated by three-
dimensional models when compared to other 2D models. 
Smrecak (2011), argues that the stiffness of the rock has a great influence on the 
rock’s fracture geometry. A stiff rock, such as shale, has a high stress to strain ratio 
(high modulus), and generally the fracture growth in such rocks is longer and 
narrower compared to the fracture growth in soft formations in which fractures are 
wide and short. According to Smrecak (2011), this is because in soft formations “the 
pressures causing the fractures can penetrate and dissipate further laterally (into 
planes of weakness like bedding planes and existing fractures) within the rock unit.” 
This is further illustrated in the following figures which were generated based on the 
results produced by the Matlab code. Figure 4.1 indicates increase of fracture 
propagation in the rock as the modulus increases, while Figure 4.2 indicates the 




Figure 4.1 Effect of young’s modulus on fracture length 
 
 
Figure 4.2 Effect of young’s modulus on fracture width. 
 
Moreover, while comparing the two most common 2D models in the industry, KGD 
and PKN, it is observed that the KGD model predicts wider and shorter fractures due 
to assuming the plane strain in the horizontal direction, while the PKN model 
predicts longer and narrower fractures as it assumes the plane strain in the vertical 
direction (Syed, 2010;  Allen & Roberts, 1989). The effects of the horizontal and 
vertical plane strain assumptions in these two models on the predicted fracture 



















































Figure 4.3 Fracture widths predicted by PKN-C and KGD-C models. 
  
 
Figure 4.4 Fracture lengths predicted by PKN-C and KGD-C models 
 
Figure 4.3 indicates that with the same input parameters used for both models, the 
PKN-C model predicts narrower fractures compared to the KGD-C model, while 
Figure 4.4 illustrates the shorter fractures predicted by the KGD-C model. 
 
Additionally, according to Mohanty (2009), low permeability formations such as 
shale reservoirs require narrower and longer fractures for a higher productivity. Thus, 
using a model that would result in longer and narrower fractures, such as the PKN-C 








































4.2 Effect of Fracture Height on Length 
As shown in Figure 4.5 and 4.6, fracture length and fracture width are plotted against 
injection time for two given fracture heights. It is observed that assuming a greater 
fracture height results in shorter and narrower fractures at any given injection time 
while considering a fixed injection rate. It is noticeable that increasing the fracture 
height from 40 m to 80 m has reduced the fracture length to almost half of its value 
at any given time, which indicates that fracture length is an almost linear and a strong 
function of fracture height. Thus, it is important to have a correct estimate of the 
fracture height in two dimensional models, due to the high sensitivity of the fracture 
geometry to variation in fracture height.  
 
Figure 4.5 Effect of fracture height on fracture propagation. 
 
 











































As mentioned, a greater fracture height will result in lower fracture length and width 
values at a constant injection rate. This is because considering a larger fracture height 
will require larger volumes of fluid to be injected in order to maintain a high pressure 
to produce a fracture with desired length and width (Fisher, 2012). This can be 
observed in Figure 4.7 where fracture length is plotted against the injected fluid 
volume. 
 
Figure 4.7 Fracture lenght and Fliud volume 
 
4.3 Effect of Fluid Leak off on Length 
In Figure 4.8 the effect of fluid leak off on fracture penetration is illustrated, where 
fracture length is plotted against time for two leak off coefficients.  
It is observed that a higher leak off coefficient results in shorter fracture lengths at 
any given time. This is because more fluid is leaking off into the formation which 
causes a lower build-up pressure for further fracture propagation (Newman, 2009). 
However, the effect of leak off coefficient on the length is not as significant as the 
effect of fracture height. This can be observed while increasing the leak off 
coefficient from 9.84E-6 to 1.96E-5        (100% increase) results in a decrease in 






























Figure 4.8 Effect of fluid loss on fracture propagation. 
 
However, this is not the case if we are dealing with higher fluid losses. At higher 
leak off coefficients we can observer an almost linear relationship between the length 
and leak off coefficient. In Figure 4.9 it is observed that by doubling the leak off 
coefficient the fracture length reduces by almost 50% at any given time. 
Thus, it can be concluded that fracture length is more sensitive towards the fracture 
height compared to fluid loss, unless the fluid loss rates are high.  
 
 






































4.4 Effect of Fracture Height on Fluid Efficiency 
In Figure 4.10 fluid efficiency, which represents the fraction of injection fluid that 
remains in the fracture, is plotted against time. It is observed that fluid efficiency 
decreases with time. This is due to the fact that as injection time, and consequently 
the fracture length increase, the fracture surface area is increasing. And with 




Figure 4.10 Fluid efficiency decreasing with time and length. 
 
This can also be observed in Figure 4.11 which indicates a decrease in efficiency as 
the fracture length grows.  It is also observed that a greater fracture height will result 
in lower fluid efficiency at a given length.  Again this is due to the increase in 























Figure 4.11 Effect of fracture height on fluid efficiency 
 
4.5 Fracture Conductivity and Folds of Increase 
Two factors influence the productivity of wells that are hydraulically fractured. The 
first is the fracture’s capacity to receive formation fluid, which is influenced by the 
fracture geometry, and the second factor is the ability of the fracture to carry the 
formation fluid to the wellbore which is influenced by the fracture permeability, fK  
(Guo et al., 2007). Moreover, Rahman et al. (2010), argues that the importance of 
fracture conductivity is not limited to productivity, but is also important in terms of 
fracturing fluid recovery. Soliman and Hunt, 1985 (as stated by Rahman et al., 2010), 
further explain that a higher fracture conductivity might be required to clean-up the 
fracture,  compared to the optimum fracture conductivity for producing from the 









      
(4.1)
 
Where CDF  is the dimensionless fracture conductivity, wK f  is the fracture 
conductivity, K and fK are the reservoir and fracture permeability, respectively.  
In 1961, Prats suggested that (as cited by Economides et al., 1989), there is a 
relationship between the length and width of a fracture in order to reach maximum 




























concept. Prats argued that for any fracture volume, when CDF  is equal to 1.3 (or 
close to this value), maximum productivity would be achieved. However, according 
to Economides et al. (1989), the optimum CDF  value suggested by Prats would only 
be suitable for reservoirs with high permeabilities, and the value 1.3 is an order of 
magnitude lower than the optimum CDF  to achieve maximum productivity in 
reservoirs with extremely low permeabilities. Furthermore, for a reservoir with low 
permeability, in which long fractures are produced, an optimum dimensionless 
conductivity equal to 10 is commonly used. (NSI Technologies, Inc., 2001) 
In Figure 4.12 the dimensionless fracture conductivity is plotted against injection 
time.  It can be observed that the CDF  is decreasing as injection time increases. This 
is reasonable due to the fact that the fracture length increases with time and CDF  is 
inversely proportional to the fracture length. . The graph also indicates higher CDF  
values predicted by the KGD-C model compared to the PKN-C model. This again is 




Figure 4.12 Fcd decreasing with time and higher dimensionless conductivity predicted 
by KGD-C model. 
 
It is also observed that a much longer injection time will be required to reach the 






































which reaches the optimum dimensionless fracture conductivity in just over 6000 
seconds (100 minutes). 
The input data used in the above calculations, and the entire study, are hypothetical 
and were selected based on ranges of values provided by various authors. Please see 
Appendix II, III and IV for data range values of shale permeability, common young’s 
modulus values and Poisson’s ratio in shale formations. 
The reservoir and well data used for calculations are presented in Table 3. 
 
Table 3. Reservoir and well data. 
Parameter value Parameter Value 
Wellbore radius          Leak-off 
coefficient 
     
         
Drainage radius        Spurt loss 0 
Reservoir 
permeability 
      Skin factor 0 
Fracture 
permeability 
     Injection Rate            
Young’s modulus           
 
Fracture height     
Poisson’s ratio     Fluid Viscosity          
 
With the help of the dimensionless fracture conductivity concept and folds of 
increase, the stimulation results can be measured in terms of productivity. 
Economides et al., (1989), defines folds of increase (FOI) as the increase in 
productivity of the well after the hydraulic fracture treatment compared with the 










      (4.2)
 
 
Where er  is the reservoir drainage radius, wr  is the wellbore radius, wr '  is the 
equivalent wellbore radius and s is the pre-fracture skin. The equivalent wellbore 
radius, wr ' , can be calculated using Figure 4.13 developed by Cinco-Ley (NSI 




Figure 4.13 Calculating rw’ as a function of Fcd after Cinco-Ley . Adapted from 
Reservoir Stimulation (p. 5-12), by M. J. Economides and K. G. Nolte, 1989, Houston, 
TX: Schlumberger Educational Services. 
 
In Figures 4.14 and 4.15 the folds of increase is plotted against the injection time and 
fracture length. It is observed that the FOI increases with time. This indicates that as 
time increases, and the fracture propagates further into the reservoir, higher 
productivity is achieved. 
 
 As shown, the fracture geometry predicted by the PKN-C model results in higher 
post-fracture productivity compared to KGD-C model. In the PKN-C model, it is 
observed that at an optimum condition of CDF =10, the folds of increase is equal to 
almost 11 at an injection time just over 6000 seconds (100 minutes) and a fracture 
length of almost 780 meters. On the other hand, while comparing the two models, it 
is observed that the KGD-C fracture geometry results in  lower well productivity, 































































CHAPTER 5  
CONCLUSION 
 
In this study, various hydraulic fracture geometry models were studied and their 
application in unconventional formations was investigated. Furthermore, the two 
most commonly used hydraulic fracture geometry models in the oil and gas industry, 
PKN and KGD, have been discussed. 
Based on the results of the preliminary research, a two-dimensional hydraulic 
fracture geometry model was identified that would be most suitable to be used in the 
design of a hydraulic fracture treatment for shale gas reservoirs. PKN-C is the 
selected model as several researchers and literature suggest that the assumptions in 
this model are more acceptable while it also predicts more accurate fracture lengths 
in comparison with other two-dimensional models. Parameters predicted by the 
PKN-C model and a second 2D model, KGD-C, were compared and analyzed to 
justify the model selection and to investigate the effect of various parameters on the 
fracture geometry and the well.  
Moreover, based on the PKN-C and KGD-C models, two mathematical computer 
codes were developed in order to calculate various parameters such as fracture 
length, average fracture width, wellbore net pressure, pumping time, and maximum 
fracture width at wellbore.  
5.1 Summary of Results  
 Longer and narrower fractures are produced in rocks with a higher Young’s 
modulus (such as shale), when all other input parameters are kept unchanged. 
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 Wider and shorter fractures are produced in rocks with a lower Young’s 
modulus, when all other input parameters are kept unchanged. 
  The PKN-C model predicts longer and narrower fractures compared to the 
KGD-C model when all input parameters are kept unchanged.  
 Low permeability formations such as shale reservoirs require narrower and 
longer fractures for a higher productivity. Thus, using a model that would 
predict longer and narrower fractures, such as the PKN-C model, would be 
more suitable for shale formations which are extremely low in permeability. 
 Assuming a greater fracture height results in a shorter and narrower fracture 
at a constant injection rate and injection time, when all other parameters are 
kept unchanged. 
 An Increase in the leak off coefficient when fluid loss is small will result in 
slightly shorter fracture lengths, when all other parameters are kept 
unchanged. 
 An increase in the leak off coefficients when fluid loss is significant will 
result in significantly shorter fracture lengths and an almost linear 
relationship between the length and leak off coefficient is observed. 
 The fracture surface area increases with pumping time and fracture length, 
causing more fluid leaking off into the formation and resulting in lower fluid 
efficiency. 
 Assuming a greater fracture height will result in a lower fluid efficiency at 
any given fracture length as a result of increase in fracture surface area.  
 The dimensionless fracture conductivity decreases as injection time increases 
when all other input parameters are kept unchanged. This is because the 
fracture length increases with time and dimensionless fracture conductivity is 
inversely proportional to the fracture length. 
 The KGD-C model predicts a higher dimensionless fracture conductivity 
compared to the PKN-C model at a constant injection rate and time, due to 
the shorter fractures predicted in the KGD-C model. 
 A much longer injection time is required to reach the optimum value of 
dimensionless fracture conductivity in the KGD-C model in comparison to 
the PKN-C model. 
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 As injection time increases, and the fracture propagates further into the 
reservoir, FOI is increased and higher productivity is achieved.  
 The fracture geometry predicted by the PKN-C model results in higher post-
fracture productivity compared to KGD-C model when all conditions kept 
unchanged. 
 
5.2 Future Work 
 Develop a laboratory experimental setup to investigate the effect of various 
parameters on the fracture geometry and compare with the results obtained 
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APPENDIX 1: Gantt Chart 
 
 The following chart illustrates the timeline and key milestones of the 
project during FYP I 
 
 








 The following chart illustrates the timeline and key milestones of the 
project during FYP II. 
 
 












APPENDIX II: Young’s Modulus for Various Rocks 
 
Table 6. Range of Young's modulus for various rocks. Adapted from Deformability 























APPENDIX III: Poisson’s Ratio for Various Rocks 
 
Table 7. Range of Poisson’s Ratio for various rocks. Adapted from Deformability 



























Figure A1 Permeability for different types of gas reservoir. Adapted from Three Main 
















APPENDIX V: Mathematical Computer Code for PKN-C Design Mode 
% read from excel file  
filename = 'myExample.xlsx'; 
% CL = first col 
% Sp = second col 
% hf = third col 
% dE = forth col 
% mu = fifth col 
% i = sixth col 
% xf = seventh col 
data = xlsread(filename); 
  
[EW, tsolved , W_W0, P_nw] = myfun(data(:,1),data(:,2),data(:,3),data(:,4),data(:,5),data(:,6),data(:,7)); 
  
results = [EW,tsolved,W_W0,P_nw]; 
Names_var =  {'EW'; 't'; 'W_W0';'P_nw'}; 
  
%write data in csv format 
fid = fopen('results_April_15-2014.csv','w'); 
fprintf(fid, [Names_var{1} sprintf(',%s',Names_var{2:end}) '\n']); 
fclose(fid) 
dlmwrite('results_April_15-2014.csv', results, '-append', ... 
         'delimiter', ',','precision','%.10f'); 
 
 
function [EW, tsolved , W_W0, P_nw] = myfun(CL,Sp,hf,dE,mu,i,xf) 
  
 EW = 2.05*((mu.*i.*xf)./dE).^0.25; 
  
n = size(CL,1); 
tsolved = zeros(n,1); 
for k = 1:n 
syms t 
tsolved(k) = solve(xf(k) == ((EW(k)+2*Sp(k))*i(k))/(4*CL(k)^2*pi*hf(k))*... 
         (exp((2*CL(k)*sqrt(pi*t)/(EW(k)+2*Sp(k)))^2 )*erfc((2*CL(k)*sqrt(pi*t))/(EW(k)+2*Sp(k)))+... 
         (2*(2*CL(k)*sqrt(pi*t))/(EW(k)+2*Sp(k)))/(sqrt(pi))-1),t); 
end 
  
W_W0 = 3.27*((mu.*i.*xf)./dE).^0.25; 





title('mu vs EW') 
subplot(2,2,2) 
plot(mu,P_nw) 
title('mu vs pressure') 
subplot(2,2,3) 
plot(P_nw,EW) 
title('P vs width ') 
subplot(2,2,4) 
plot(P_nw,EW) 





 APPENDIX VI: Mathematical Computer Code for PKN-C Simulation Mode 
% read from excel file  
filename = 'myExamplexf.xlsx'; 
data = xlsread(filename);  
[EW, xfsolved , W_W0, P_nw] = myfun_xf(data(:,1),data(:,2),data(:,3),data(:,4),data(:,5),data(:,6),data(:,7));  
results = [EW,xfsolved,W_W0,P_nw]; 
Names_var =  {'EW'; 'xf'; 'W_W0';'P_nw'}; 
  
%write data in csv format 
fid = fopen('Results_xf.csv','w'); 
fprintf(fid, [Names_var{1} sprintf(',%s',Names_var{2:end}) '\n']); 
fclose(fid) 
dlmwrite('Results_xf.csv', results, '-append', ... 
         'delimiter', ',','precision','%.10f'); 
 
 
function [EW, xfsolved , W_W0, P_nw] = myfun_xf(CL,Sp,hf,dE,mu,i,t) 
  
n = size(CL,1); 
xfsolved = zeros(n,1); 
EW = zeros(n,1); 
  
for k = 1:n 
syms xf EW 
  
[xfsolved(k), EW(k)] = solve(xf == ((EW+2*Sp(k))*i(k))/(4*CL(k)^2*pi*hf(k))*... 
         (exp((2*CL(k)*sqrt(pi*t(k))/(EW+2*Sp(k)))^2 )*erfc((2*CL(k)*sqrt(pi*t(k)))/(EW+2*Sp(k)))+... 
         (2*(2*CL(k)*sqrt(pi*t(k)))/(EW+2*Sp(k)))/(sqrt(pi))-1),EW == 2.05*((mu(k).*i(k).*xf)./dE(k)).^0.25, xf, 
EW); 
      
EW = 2.05*((mu.*i.*xfsolved)./dE).^0.25; 
W_W0 = 3.27*((mu.*i.*xfsolved)./dE).^0.25; 
P_nw = (dE./(2.*hf)).*W_W0; 
end 




title('dE vs length') 
subplot(2,2,2) 
plot(EW,dE) 
title('dE vs width') 
subplot(2,2,3) 
plot(xfsolved,t) 
title('xf vs t') 
subplot(2,2,4) 
plot(hf,t) 









APPENDIX VII: Mathematical Computer Code for KGD-C Design Mode 
% read from excel file  
filename = 'myExamplekgd.xlsx'; 
data = xlsread(filename); 
  
[EW, tsolved , W_W0, P_nw] = myfunkgd(data(:,1),data(:,2),data(:,3),data(:,4),data(:,5),data(:,6),data(:,7)); 
 results = [EW,tsolved,W_W0,P_nw]; 
Names_var =  {'EW'; 't'; 'W_W0';'P_nw'}; 
  
%write data in csv format 
fid = fopen('KGD_results.csv','w'); 
fprintf(fid, [Names_var{1} sprintf(',%s',Names_var{2:end}) '\n']); 
fclose(fid) 
dlmwrite('KGD_results.csv', results, '-append', ... 
         'delimiter', ',','precision','%.10f'); 
 
 
function [EW, tsolved , W_W0, P_nw] = myfunkgd(CL,Sp,hf,dE,mu,i,xf) 
  
 EW = 2.53*((mu.*i.*xf.^2)./(hf.*dE)).^0.25; 
  
n = size(CL,1); 
tsolved = zeros(n,1); 
for k = 1:n 
syms t 
tsolved(k) = solve(xf(k) == ((EW(k)+2*Sp(k))*i(k))/(4*CL(k)^2*pi*hf(k))*... 
         (exp((2*CL(k)*sqrt(pi*t)/(EW(k)+2*Sp(k)))^2 )*erfc((2*CL(k)*sqrt(pi*t))/(EW(k)+2*Sp(k)))+... 
         (2*(2*CL(k)*sqrt(pi*t))/(EW(k)+2*Sp(k)))/(sqrt(pi))-1),t); 
end 
  
W_W0 = 3.22*((mu.*i.*xf.^2)./(hf.*dE)).^0.25; 





title('mu vs EW') 
subplot(2,2,2) 
plot(mu,P_nw) 
title('mu vs pressure') 
subplot(2,2,3) 
plot(P_nw,EW) 
title('P vs width ') 
subplot(2,2,4) 
plot(P_nw,EW) 










APPENDIX VIII: Mathematical Computer Code for KGD-C Simulation Mode 
% read from excel file  
filename = 'myExamplexfkgd.xlsx'; 
data = xlsread(filename); 
  
[EW, xfsolved , W_W0, P_nw] = myfun_xfkgd(data(:,1),data(:,2),data(:,3),data(:,4),data(:,5),data(:,6),data(:,7)); 
 results = [EW,xfsolved,W_W0,P_nw]; 
Names_var =  {'EW'; 'xf'; 'W_W0';'P_nw'}; 
  
%write data in csv format 
fid = fopen('Results_xf_KGD.csv','w'); 
fprintf(fid, [Names_var{1} sprintf(',%s',Names_var{2:end}) '\n']); 
fclose(fid) 
dlmwrite('Results_xf_KGD.csv', results, '-append', ... 
         'delimiter', ',','precision','%.10f'); 
 
function [EW, xfsolved , W_W0, P_nw] = myfun_xfkgd(CL,Sp,hf,dE,mu,i,t) 
  
n = size(CL,1); 
xfsolved = zeros(n,1); 
EW = zeros(n,1); 
  
for k = 1:n 
syms xf EW 
  
[xfsolved(k), EW(k)] = solve(xf == ((EW+2*Sp(k))*i(k))/(4*CL(k)^2*pi*hf(k))*... 
         (exp((2*CL(k)*sqrt(pi*t(k))/(EW+2*Sp(k)))^2 )*erfc((2*CL(k)*sqrt(pi*t(k)))/(EW+2*Sp(k)))+... 
         (2*(2*CL(k)*sqrt(pi*t(k)))/(EW+2*Sp(k)))/(sqrt(pi))-1),EW == 
2.53*((mu(k).*i(k).*xf.^2)./(hf(k).*dE(k))).^0.25, xf, EW); 
      
EW = 2.53*((mu.*i.*xfsolved.^2)./(hf.*dE)).^0.25; 
W_W0 = 3.22*((mu.*i.*xfsolved.^2)./(hf.*dE)).^0.25; 






title('dE vs length') 
subplot(2,2,2) 
plot(EW,dE) 
title('dE vs width') 
subplot(2,2,3) 
plot(xfsolved,t) 
title('xf vs t') 
subplot(2,2,4) 
plot(hf,t) 
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